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Effects of Andreev reflection on the conductance of quantum chaotic dots
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We investigate the conductance statistics of a quantum-chaotic dot—a normal-metal grain—with a super-
conducting lead attached to it. The cases of one and two normal leads additionally attached to the dot are
studied. For these two configurations the complete distribution of the conductance is calculated, within the
framework of random matrix theory, as a function of the transparency parameter of the Schottky barrier formed
at the interface of the normal-metal and superconducting regions. Our predictions are verified by numerical

simulations.
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I. INTRODUCTION

The physics of normal-metal-superconducting (NS) hy-
brid structures has been of interest for several decades. In the
1960s, the scattering of a quasiparticle at a NS interface was
first described by Andreev.! Thus, it is now widely known
that an electron approaching to a superconductor from the
normal-metal side, with an energy above the Fermi level, can
be reflected at the interface as a hole with an energy below
the Fermi level and same momentum but in opposite direc-
tion. A Cooper pair is thus formed in the superconductor.
This scattering process is known as Andreev reflection. More
recently, the interest in this subject was renewed in the field
of mesoscopic physics, where the electron wave function re-
mains coherent and therefore quantum interference effects
play an important role. Several effects of phase-coherence
Andreev scattering are under current investigation. In addi-
tion, the effects of disorder and ballistic-chaotic scattering in
hybrid structures have been widely studied. For example
quantities such as the density of states and the Ehrenfest
time, as well as phenomena such as coherent backscattering,
excitation and gap fluctuations, superconducting proximity
effect, and resonant tunneling, have been investigated in me-
soscopic hybrid structures.>”'> Also, the effects of Andreev
scattering on the conductance through quantum dots whose
classical dynamics is integrable or mixed (regular and cha-
otic) have been investigated.'®!”

On the other hand, random matrix theory (RMT) has been
useful to study the statistical properties of many different
phenomena in normal metals'3-2% as well as in superconduct-
ors. In particular, the effects of NS interfaces on the conduc-
tance of disordered and chaotic billiards—quantum dots—
have received considerable attention.’~!>23-28 Recently, some
statistical properties of the conductance fluctuations in me-
soscopic NS heterostructures have been experimentally stud-
ied in Ref. 29 where the explanation of the experimental
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results was based on RMT of quantum transport through cha-
otic quantum dots; it was also pointed out the importance of
considering the potential barriers formed at the NS interface.
Using a scattering approach to the problem of quantum
transport and RMT, here we study the statistical properties of
the conductance through a quantum chaotic dot with a super-
conducting lead attached to it. In particular, we are interested
in the distribution of the conductance. The configurations of
one and two normal leads additionally attached to the dot are
considered. We take into account the presence of a Schottky
barrier—which is formed in real NS junctions—of transpar-
ency I in the superconducting lead. Thus, for these two set-
ups we calculate the complete distribution of conductances
for different values of I". As we will see, the conductance
distribution is affected by the presence of the superconduct-
ing region as well as the scattering at the Schottky barrier.
This paper is organized as follows. In Sec. II we briefly
review general ideas about electron-hole scattering at NS
junctions. We also introduce the scattering matrices associ-
ated to the different elements of our experimental setup. In
Sec. III, we study the two-terminal configuration. First, we
calculate the total scattering matrix and the conductance.
Second, we present our results for the distribution of the
conductance for the cases of time-reversal symmetry (8=1)
and broken time-reversal symmetry (8=2). Simple analytical
expressions are provided for the conductance distribution.
Section IV is devoted to the three-terminal configuration. We
calculate the necessary scattering-matrix elements in order to
calculate the conductance and present the results for its dis-
tribution for both symmetries (8=1 and B=2) at different
values of the transparency of the Schottky barrier. A sum-
mary and conclusions of our work are presented in Sec. V.

II. MODEL AND FORMALISM

We start our study with some general ideas on the scatter-
ing mechanism of electrons in a NS junction, as illustrated in
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FIG. 1. Tllustration of a NS junction. The coefficients (a,,ay)
and (b,,b),) are related by the scattering matrix $* [see Eq. (4)].

Fig. 1. As we mentioned above, in a NS junction an incident
electron from the normal side can be reflected by the super-
conductor as an electron or as a hole. The electron and hole
wave functions ¢ and ¢/, respectively, satisfy the
Bogoliubov—De Gennes equation®” given by

& S)-G)ho

where H, is the single electron Hamiltonian and A is the
potential which couples the electron and hole wave func-
tions. We assume that H, is independent of spin-orbit inter-
actions. On the other hand, far from the NS boundary the
superconducting gap A goes to zero in the normal-metal re-
gion, whereas in the superconducting region the pair poten-
tial has an amplitude A, and phase ¢. Near the NS interface,
however, A depends on the details of the NS junction; as-
suming that the width of the NS interface is small compared
to the superconducting coherence length and neglecting any
pairing interaction in the normal region, the pair potential is
usually modeled as a step potential: A(r)=Aye’?@(x), with
O(x) being the step function. Now we consider that the en-
ergy of an incident electron is in the energy gap (Ep<E
<Ep+A,, with Ep being the Fermi energy) where there are
no propagating wave solutions in the superconducting re-
gion, i.e., the electron is reflected as a hole or electron. Let us
denote by 7}, the reflection matrix describing the Andreev
reflection. Within the Andreev approximation, where only
Andreev scattering processes are taken into account and with
the above assumptions for A, a solution of Eq. (1) in the
normal region can be written as'$2

¥ 1 e

+ (}2 )exp[ikﬁx]qﬁn(y,z,EF —e). (2)
he

In this expansion, ¢,(y,z) is the transverse wave func-
tion that carries a current in the +x direction and n labels
the transverse mode—open channel—while the wave num-
ber k" is given by k‘=\2m/h*\Eg—E,+€ and K
=\2m/h*Ep—E,—

In the linear-response limit, i.e., zero bias voltage (e=0),
we have k“=Kk". In this limit, using the continuity of the wave
function and its derivative at the interface, the reflection ma-
trix 1}, is given by ), =i exp(~i¢p)1y and r},=i exp(i$)1y,
where 1y is the N X N unit matrix.

A. Andreev scattering matrix

As we have mentioned, we consider attached leads sup-
porting one open channel, therefore from now on we special-
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ize in this case. Thus, the 2 X2 scattering matrix for the
Andreev reflection which relates the coefficients (a,,a;) and
(b,,b;) (see Fig. 1) is given by

[ )=s1(2).

A _ 0 r:h)

e

where r7},=i exp(~i¢) and r},=—(r},)".

with

B. Schottky barrier

We also consider the potential barrier created at the NS
interface due to the mismatch of the conduction bands of the
two different regions. We model this Schottky barrier as a
planar barrier characterized by its transparency I'. It is of
relevance to consider the effect of this potential on the trans-
port since, as we will see later, the conductance and therefore
its statistical properties are affected depending on the
strength of T'.

On the other hand, since in the normal region electrons
and holes are not coupled, the scattering matrix of the
Schottky barrier S5 can be written as

g (Sj 0 ) )
\o s/’
with the scattering matrix for electrons S given by?!32
vi-T  iI )
S, = ( — (6)
¢ i V’,F V1I-T

while the satisfies

Si=(S§)*.18’25

scattering matrix for holes S}

C. Scattering matrix of the quantum dot

We now introduce the polar representation for the scatter-
ing matrix S? associated to the quantum dot. For electrons,
the 22 S? matrix is written as

(_ V1 = 7ei+0)

D _
Se = )

e

\ Tez(@ﬂ// )
(7)

\7e V1- 1 = e+

where 7 and the phases 6, 6, ¢, and ¢’ are independent
variables. In presence of time-reversal symmetry, Sf,) is a
symmetric matrix and therefore #=6" and =y'. As before,
since in the normal region the electrons and holes are not

coupled, the complete scattering matrix for the quantum dot

can be written as
s? 0 )
N , 8
¥ o )

III. TWO-TERMINAL CONFIGURATION

with 7 =(S?)".

First we consider a two-terminal setup. As shown in Fig.
2, a normal lead is attached to a normal quantum dot while a
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FIG. 2. Two-terminal setup. A normal-metal lead (left) and a
superconducting lead (down) are attached to a quantum dot. Each
lead supports one open channel. A Schottky barrier of transparency
I" is introduced in the superconducting lead.

second lead with a superconducting region and a Schottky
barrier of transparency I is also attached. Both leads support
one open channel. In a similar two-terminal setup and for a
large number of channels in the leads, the average and vari-
ance of the conductance have been studied in Ref. 16.

A. Total scattering matrix and conductance

We are ready to calculate the full scattering matrix of the
system (Fig. 2) since we have introduced already the scatter-
ing matrices associated to the components of our hybrid
structure in Sec. II, i.e., we only need to combine properly
the scattering matrices S, S5, and S? from Egs. (4), (5), and
(8), respectively.

We combine first the scattering matrices associated to the
Andreev reflection $* and Schottky barrier S°. The resulting
scattering matrix S5 is given by

SSA — rS+ t!SsA(l _ r!SsA)—ltS’ (9)

where we have defined the matrices

S0 £ 0)
— e S _ e
r*g_(o rh), z_(o g (10)

From Eq. (6), rszr’zzv'l—r, tf:i\e"i and ti:—iv"i we ob-

e

tain
S 'S 1S 1A.S 1S S
SA_1<Are+te eh’n rhete I, r?hth )
- 1S S S N 1S 1AS |
A th fzete Arh"'l‘h fzere rehth

(11)

with A=1-7;F r!5/,. We now combine the above expres-
sion for $54 with the scattering matrix of the quantum dot S”.
The resulting scattering matrix S is given by

S=rP+1'PSB(1 - PSP (12)
After some algebra we write the total matrix S as
SEE se
S= ( ' ) (13)
She  Shh

where
Spe = 2Ce2 LT —2)\1 = 741 = T[(2 = Dcos(+ ')
+itTsin(+ )]},

Sop = — iCe/PHI-V+0-00 1

PHYSICAL REVIEW B 79, 245412 (2009)

Spe = — iCe (P ¥/ +0-00 7.

sy = 2Ce 2T — 2T = 741 =T[(2 = Deos(+ )
—irsin(y+ ¢}, (14)
with
C=[T-2)(r=2)—4(T = 1)(7=1)cos(y+ ") ]\

Finally, the dimensionless conductance g due to the presence
of the NS interface in our two-terminal setup is given, in

terms of elements of the total scattering matrix, by?33-34
G
- _ il
g= G~ 2816Shes (15)

where Gy(=2¢?/h) is the conductance quantum.

B. Conductance distribution

We now calculate the distribution of the conductance by
assuming that the statistics of the scattering matrix of the
quantum dot SP follows one of the circular ensembles,
namely, the circular orthogonal ensemble (8=1) or the cir-
cular unitary ensemble (8=2).

From Eq. (15), the distribution of the conductance is
given by

PP(g) =f 8(g = 254,54,)duP(SP), (16)
with invariant measure!®
dr d6 diy
27;7;7 for B=1
duP(s?) =1 " (17)
d6 dyde dy’
LWV tor B=2.

T2’n’277 21 2pi

In Secs. Il B 1 and III B 2 we provide analytical expres-
sions for the distribution of the conductance for the two-
terminal configuration by the evaluation of the integrals in
Eq. (16) for the cases B=1 and B=2.

1. Time-reversal-symmetric case, =1

We recall that for the orthogonal symmetry, Sf and Si) are
symmetric scattering matrices and therefore #=6" and ¢
=/ in the polar representation of Eq. (7).

Thus, from Eq. (14) we find

: 2
Sheshe= [ 2"
[T =2)(7=2) —=4(I' = 1)(7— 1)cos(2¢)]
(18)

Before considering the general case of arbitrary I" let us con-
sider the particular case I'=1, i.e., maximum transparency of
the Schottky barrier. In this case Eq. (18) reduces to

shesze: m for T'=1. (19)

Thus from Egs. (15) and (16), we obtain the simple expres-
sion for the distribution
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PV (g) = for I'=1, (20)

1
2[Vg(12 +g) P

which we have already normalized.

We now study the case of arbitrary I'. Therefore we need
to perform the integrals in Eq. (16) with s,,s}, given by Eq.
(18). The calculation is direct but somewhat lengthy. We fi-
nally get

m 1 | \B*-4AC-B | .
P(l)(g):FF{T [E(x,m) = F(x,m)]|7,
(21)

where

A=16(1-T)-4( -2)%,

B=4(T-2)*+16(1 —F)+4\/§(2—F)F,
8

2 21?
c=2\/jr(r—2)—(r—2)2——,
8 8

B+ VB> -4AC
m=— =,
B-\B>-4AC

. . ( 2CTt )
x =1 arcsinh —.
B+ \B*-4AC

F(x,m) and E(x,m) in Eq. (21) are the elliptical integrals of
first and second kind, respectively, which have to be evalu-
ated at the limits 7, and 7_ given by

1 (@-r) 11 [e-ga-D) |
Te=lz+|l—F/—=|FF=\/— | .
T2 var /g T 8

(22)

We have verified our predictions for PV(g) [Egs. (20) and
(21)] by comparing with numerical simulations of a quantum
chaotic dot (in all our numerical simulations we have con-
sidered a Bunimovich stadium geometry whose classical dy-
namics is chaotic). In Fig. 3, we show both numerical and
analytical results for I'=0.2, 0.5, and 1. We observe good
agreement between theory and the corresponding numerical
simulations.

2. Broken time-reversal symmetry, 3=2

We now consider the circular unitary ensemble. We recall
that this symmetry class is relevant for situations where time-
reversal symmetry is absent. From Eq. (14) we have

2272
[(T=2)(r=2) = 4\(T = 1)(7= Dcos(p+ )
(23)

T
SheShe =

As in Sec. III B 1 we start with the special case I'=1. Thus,
from Egs. (15), (16), and (23) the distribution of conductance
is given by

PHYSICAL REVIEW B 79, 245412 (2009)

FIG. 3. (Color online) Distribution of the conductance PV(g)
for the two-terminal setup for different values of the transparency
I'. Good agreement is observed between theory [Egs. (20) and (21)]
and the corresponding numerical simulations (histograms).

21
PP(g) = \/j— for I'=1. (24)
g (\/’E + \r’g)z

The general case of arbitrary I" involves a direct but lengthy
calculation as in the B=1 case. For 8=2, however, the dis-
tribution gets a simpler expression. After some algebra we
find

[[(\2g —2) + 4]
NG I 3
Ve[V2T' + Vg2 -]

In Fig. 4 we plot P)(g), as given by Eqgs. (24) and (25), and
compare with numerical simulations of a quantum chaotic
dot. We choose I'=0.2, 0.5, and 1. As for the case B=1, for
broken time-reversal symmetry a good agreement between
theory and numerics is also observed.

To conclude this section we notice that, for the two-
terminal configuration studied here and for both symmetries
(B=1 and B=2), the distribution of the conductance becomes
broader as the value of the transparency of the Schottky bar-
rier is increased (see Figs. 3 and 4). This broadening of the
distribution implies that large values of g (values of g at the
tail of the distribution) become statistically favored as the

PP(g)= (25)

FIG. 4. (Color online) Distribution of the conductance P?(g)
for the two-terminal setup for different values of the transparency
I'. Good agreement is observed between theory [Egs. (24) and (25)]
and the corresponding numerical simulations (histograms).
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FIG. 5. Three-terminal setup. Two normal-metal leads (1 and 2)
and a superconducting lead (3) are attached to a quantum dot. Each
lead supports one open channel. A Schottky barrier of transparency
I' is introduced in the superconducting lead.

Schottky barrier becomes transparent. We anticipate that the
effect of the Schottky barrier on the conductance is some-
what different in the three-terminal configuration that we
study in Sec. IV.

IV. THREE-TERMINAL CONFIGURATION

We now consider a more complex situation. As shown in
Fig. 5, two normal leads are attached to a normal quantum
dot while a third lead with a superconducting material and a
Schottky barrier is also attached. All the leads support one
open channel. As in Sec. III A, we calculate the total scatter-
ing matrix of the hybrid structure. The present case is, how-
ever, algebraically more involved than the two-terminal con-
figuration.

A. Total scattering matrix and conductance

We define a scattering matrix S that relates the incoming
and outgoing wave amplitudes in the normal leads (leads 1
and 2 in Fig. 5),

S
S

1
e e
b, a,
S T (26)
by a
by aj
where S has the following structure:
ee ee eh eh
St Sz St Sz
ee ee eh eh
§= S21 %22 S21 S22 27)
= he e hho hh |-

S S12 St Si2
he _he _hh _hh
S21 S22 Sa1 S»2

Here, the subscripts denote the leads (see Fig. 5). We recall
that we are working at energies where there are no propagat-
ing waves in the superconducting region. In order to obtain
the explicit expressions for the elements of the scattering
matrix S, we need to combine the scattering matrix of the
superconducting region [Eq. (4)], the Schottky barrier [Egs.
(5) and (6)], and the quantum dot. The scattering matrix as-
sociated to the quantum dot SP can be written in two blocks,
as in Sec. II C, one for the electrons and the other for the
holes. Thus, for the three-terminal setup, we write for elec-
trons
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e e e
AT ST IR AT
SP=\ 15 s 15 | (28)

e
5 I3 I3
with a similar expression for the holes. Once we have intro-
duced the scattering matrices associated to the different parts
of our setup, we can follow the same steps of Sec. III to
obtain the total scattering matrix. On the other hand, how-
ever, the dimensionless conductance g for our three-terminal
setup is given by

g =Is5i? + [ssiI*. (29)

Thus, we need only the elements s and s5 of the total
scattering matrix S [Eq. (27)] in order to calculate the con-

ductance. After some algebra we find for these two
scattering-matrix elements

1
5= A5 L CACAAC 30
1
$51= 3 CrA”, (31)

where

1S e S
e _ 4 | S e T33le
2=13 te+] . s |-

= I3l

1

h 18>
1 —r33ry

e_ 1S
A _te t31

Ct= rf + —tésrél‘g’s.
C" and CZ in Egs. (30) and (31) are defined as C¢ and C5,
respectively, by replacing e —h. We can observe that if the
third lead was absent, the expression for conductance [Eq.
(29)] is reduced to the usual Landauer-Biittiker formula g
=165, P =l

For the particular values of I'=0 and 1, the expressions
for the elements s5 and s5" are simplified. Therefore for
these two special values of T', it is useful to show the expres-
sions of s5¢ and s%" since they exhibit explicitly the different
scattering processes among the three leads attached to the

quantum dot that contribute to the conductance.

e
1 —r3r

1. Case I'=1

For the case of zero reflection at the Schottky barrier the
expressions for s5¢ and 551 in Egs. (30) and (31), respectively,
are simplified to

/

153733151

ee _ e
Sy =1 —

—— 32
1+ r§3r§3 (32)
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FIG. 6. Distribution of the conductance P)(g) for the three-
terminal setup for different values of the transparency I'. Notice that
PW(g>1)>0 for 0<T' <1 (ge right panels). The solid curve for
I'=0 is given by P((g)=1/4g.

PN

h 23131

s51 = — (33)
1 + 153133

Therefore the conductance is given by
h
fsl5)

e _h
1 + 133133

e h e
13373313

g= |t~ (34)

e _h
1+ 753133

2. Case I'=0

For the case of total reflection at the Schottky barrier the
conductance is given by

e e 2
I3

! (35)
1+75

g:

e
I+

Clearly, there are no electron-hole scattering processes in this
case.

B. Conductance distribution

In order to calculate the distribution of conductances we
need to average over the orthogonal or unitary ensembles
(B=1 and B=2), as in Sec. III B [see Eq. (16)]. In the three-
terminal configuration, however, the expression for the con-
ductance [Egs. (29)—(31)] is more complicated even at the
values of the transparency I'=0 and 1, where the expressions
for the scattering-matrix elements s5° and s3" are simpler.
Therefore we are not able to provide analytical expressions
for P(g) as for the two-terminal setup. Thus we proceed with
our analysis by generating numerically an ensemble of con-
ductances from Egs. (29)—(32), where the elements of the
scattering matrix associated to the quantum dot are generated
according to the orthogonal and unitary ensembles.

In presence of time-reversal symmetry (B8=1), the distri-
bution of the conductance at different values of the transpar-
ency is shown in Fig. 6. At zero transparency, the distribution
is described by3®37 PU)(g)=1/\4g (solid line in Fig. 6),
which is the known result for a quantum chaotic dot with two
normal single-channel leads, i.e., there is no effect of the
superconducting region on the conductance, as one might

PHYSICAL REVIEW B 79, 245412 (2009)

2 T T T

% 02 04 0608 10 04 08 12 16
g g

FIG. 7. Distribution of the conductance P?)(g) for the three-
terminal setup for different values of the transparency I'. As for 8
=1, here PP (g>1)>0 for 0<T'<1 (see right panels). The hori-
zontal line for I'=0 corresponds to P?(g)=1.

expect for a nontransparent Schottky barrier. For I' >0, how-
ever, P\(g) is affected. From Fig. 6 we can see that for
intermediate values of the transparency (I'=0.2 and I'=0.5)
the distribution probability is finite for g>1, whereas for
null and complete transparency (I'=0 and I'=1, respectively)
the probability is confined in the interval 0 < g <1. Therefore
multiple scattering in the third lead, where the Schottky bar-
rier is present, produces larger values of conductance.

When time-reversal symmetry is broken (8=2) the distri-
bution of the conductance is quite different from the =1
case. In Fig. 7 we show P@(g) at different values of the
transparency. First we notice that for I'=0, P?(g) reduces to
the known result’®37 P@)(g)=1 (shown as the solid line in
Fig. 7). At intermediate values of the transparency of the
Schottky barrier (I'=0.2 and I'=0.5), we observe again that
multiple scattering in the superconducting lead can produce
larger values of conductance than for the cases I'=0 and I'
=1, i.e., the distribution P (g) develops a tail for g>1 at
intermediate values of T'.

V. SUMMARY AND CONCLUSIONS

We have studied the effects of a superconducting lead
attached to a normal quantum chaotic dot on the statistical
properties of the conductance using random matrix theory
and a scattering approach to the transport in normal-metal—
superconducting (NS) hybrid structures. We have calculated
the complete distribution of the conductance in the presence
and absence of time-reversal symmetry (8=1 and B=2, re-
spectively) and for two different configurations: two- and
three-terminal setups. The conductance distribution has been
analyzed as a function of the transparency I" of the Schottky
barrier which is modeled as a planar barrier formed at the NS
interface. The importance of considering the effect of a po-
tential barrier formed at NS junctions has been already rec-
ognized in transport experiments,” however, opposite to the
one open channel case that we study here, in these experi-
ments a large number of channels are open.
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For the two-terminal configuration we provided analytical
expressions for the distribution of the conductance. We found
that the distribution becomes more and more concentrated at
g=0 as the value of the transparency is reduced for both
symmetries S=1 and S=2. This behavior might be expected
considering that the conductance is due to the scattering at
the NS interface (Andreev reflection), i.e., at zero transpar-
ency of the barrier the situation is reduced to a normal quan-
tum dot with a normal lead attached where only reflection
processes at the lead are present.

For the three-terminal configuration, the analytical ex-
pressions for the total scattering matrix and the conductance
are more complicated than for the two-terminal case. We
thus obtain the distribution of the conductance from an en-
semble of conductances generated numerically according to
our analytical expressions for the elements of the total scat-
tering matrix. We found that in presence and absence of
time-reversal symmetry, conductance values larger than
unity are possible at intermediate values of the transparency
of the Schottky barrier. As a consequence, the distribution of
the conductance is broader than for the cases of zero trans-
parency (I'=0) and an ideal NS interface (I'=1), i.e., mul-
tiple scattering in the superconducting region with the
Schottky barrier increases the possibility of larger values of
the conductance.

To conclude, we have seen that the presence of a Schottky
barrier in the lead, which is formed in real experiments due
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to the mismatch of the conduction bands of the normal-metal
and the superconductor, has a significant effect at the level of
the distribution of the conductance. The progress in the fab-
rication of nanoscale heterostructures has made possible the
experimental study of statistical properties of the conduc-
tance through such devices.”” These experiments have
pointed out the relevance of imperfect contacts on the study
of conductance. We thus think that the effects on the statis-
tics of the conductance through quantum dots due to the
presence of Andreev scattering and potential barriers at the
leads, as those described here, are of experimental interest.
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